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Salt fingers in a steady shear flow are examined both theoretically and in the laboratory.
Linear stability analysis for small, uniform shears shows that all modes with a component
of the shear normal to their wavecrests are stabilized by the shear, and consequently the
preferred mode of instability is that of two-dimensional sheets aligned downshear. An
examination of the energy equation shows that the main stabilizing force comes from the
tilt of the modes by the component of the shear normal to their wavecrest. These two-
dimensional sheets are found to equilibrate at finite amplitude in a manner analogous to
rolls in thermal convection. The experimental study revealed that these two-dimensional
sheets are indeed found in the laboratory, and measurements of fluxes indicate that they are
almost equally efficient as salt fingers in transporting heat and salt vertically.

1. Introduction

In oceanographic situations where salt fingers may be an important mechanism
for the transport of heat and salt in the vertical, velocity shears may also be
present. For example, in the region where the Mediterranean water flows into
the Atlantic (see Tait & Howe, 1968), it seems likely (although there is no
direct evidence yet) that the bulk motion of the water masses may produce
vertical shears in the microstructure. In an earlier paper Linden (1971)
showed that turbulent motions imposed on salt fingers had a disruptive effect
and inhibited the vertical salt transport. Can steady velocity shears have a
similar effect? Before the role of salt fingers in the ocean, and in other
contexts, can be properly evaluated it is necessary to determine the effects of a
steady shear on their structure and on the vertical transports of heat and salt.
This paper attempts to answer this question by investigating both theoretically
and experimentally the effect of a steady velocity shear on the fingers.

Salt finger convection is analogous to Benard convection in that the
kinetic energy of the motions is obtained from the potential energy stored in
the unstable distribution of a stratifying component. It is possible then, on the
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2 P. F. LINDEN

basis of a linear stability analysis (see Baines & Gill, 1969) to define an
"effective Rayleigh number" R* which must exceed a critical value before
convection can occur. R* is related to the Rayleigh numbers Rs and RT of the
two components S and Γ which contribute to the density stratification by the
equation R* = RS—TRT, where τ = KS/KT is the ratio of the molecular
diffusion coefficients of 5 and T. It will be seen that a steady shear will effect
the salt fingers in a manner analogous to the effects of shear on Benard
convection. Therefore, it is worth mentioning the results of investigations
on Benard convection in a shear flow before proceeding to the double-
diffusive case.

In 1928 Jeffreys suggested that a steady shear in an unstably stratified fluid
stabilizes all perturbations except the one mode of infinite length in the direc-
tion of the shear flow, and hence that the convective disturbance takes the
form of rolls aligned along the direction of the shear. Laboratory studies by
Graham (1934) and Chandra (1938) and more recently by Ingersoll (1966a)
have supported Jeffrey's idea. A number of theoretical studies by Kuo (1963),
Asai (1964, 1970a, b), Deardorff (1965), Gallagher & Mercer (1965) and
Ingersoll (1966b) have also confirmed Jeffrey's conclusion. These later studies
haveprovided neutral stability curves forvarious rangesof the non-dimensional
parameters of the problem namely the Reynolds number, the Rayleigh
number and the Prandtl number. Further Asai (1970a) has shown numerically
that, for a stationary disturbance in a constant shear, the mode transverse to
the basic flow transfers momentum upwards against the shear, whereas for
the mode aligned along the shear the kinetic energy of the mean flow is
converted into perturbation kinetic energy by transfer of horizontal momen-
tum" downwards. He further showed (1970b) that a variable shear effects the
instability in a qualitatively similar way to constant shear.

On the basis of the thermal analogy it is of interest to discover whether
salt fingers are converted into two-dimensional sheets by the shear, and how
the vertical fluxes of heat and salt are changed by the shear. In order to
answer these questions the remainder of this paper is divided into the follow-
ing sections. In §2 the linear stability of salt finger modes in a uniform shear,
and the momentum transport of the various modes, is discussed. Attention is
given to the case where the shear is small; the interface will not be unstable
to shear instability. It is found that the preferred mode of instability is in the
form of two-dimensional sheets aligned in the direction of the mean shear.
In §3 it is shown that these sheets equilibrate at small, but finite, amplitude
in a manner analogous to the two-dimensional rolls found in thermal con-
vection. The remainder of the paper is concerned with the experimental study
of sheared salt fingers. Particular attention is paid to the horizontal structure
and the vertical fluxes of S and Γ through the fingers. In order that the theory
be kept general the two components contributing to the density distribution
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SALT FINGERS IN A STEADY SHEAR FLOW 3

will be referred to as S and Τ with, by definition, τ = KS/KT < 1. The
experiments are carried out using heat-salt and salt-sugar fingers, where
τ χ 0.01 and 0.35, respectively.

2. Linear Stability Analysis

(a) The equations of motion

The stability of double-diffusive convection in a uniform steady shear flow
is considered. The fluid is assumed to flow between free, conducting boundaries
at ζ = ± d/2, where Oz is the vertical axis. The upper boundary is maintained
at concentration values AS and AT relative to the lower boundary; AS and
AT arc both positive for salt finger convection and attention will be restricted
to this case throughout. Free, conducting boundaries at ζ = +dj2 are chosen
for convenience, and they seem to be the most relevant ones for application to
the laboratory and oceanic cases if the edges of the convecting layers on
either side of the salt finger interface represent these boundaries; in that case
AS and AT would be identified with the differences in S and Γ between these
layers.

A linear equation of state

ρ = po(l-<xT+fiS),

where α and β are the coefficients of expansion due to Τ and S, respectively
is assumed. The molecular properties of the system viz ν (the kinematic
viscosity), KS, KT, CC and β are assumed to be constants. The non-dimensional,
Boussinesq, linearized equations of momentum, heat and salt conservation
may be written in the form

U(z)dw D n 2 r r t D T 7 2 ? = O j

σ dz2 dx

\L +ffReU(z) I- -V2lr+w = 0,
ot ox ιJ

I- + aBeU(z)%- —rV2 |S+w = 0, (2.1)
ot ox J

where w is the vertical velocity.

The boundary conditions at ζ = ±% are

free: w = wzz = 0

conducting: Τ = S = 0. (2.2)
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4 P. F. LINDEN

The non-dimensional parameters describing the flow are

_ gocATd3 . _ gfiASd3 .

VKT VKT

σ = ν/κΓ ; τ = KS/KT ;

R c U(d/2)d

where the dimensionless mean flow U(z) has been scaled by its velocity at
ζ = djl. In the following, unless explicitly stated, all variables are dimension-
less.

The general procedure is to examine solutions of the form

exp i(kx+ly—ωί) , (2.3)

where the marginally stable case is given by &(co) = 0. For the moment,
however, attention will be restricted to stationary disturbances i.e. m = 0.
The solutions (2.3) admit two special cases; transverse modes (/ = 0) with
no variation in the cross-stream direction, and longitudinal modes (k = 0)
with no downstream variation. These cases will be treated first and then
results for a general three-dimensional disturbance will be evaluated on the
basis of Squire's transformation.

(b) Longitudinal modes

When k = 0, the Eq. (2.1) reduce to those for a two-dimensional disturbance
in the absence of shear. This system has been discussed fully by Baines & Gill
(1969) who found that perturbations grow when R* - Rs-zRT > (27π4/4)τ.
Hence the basic "no motion" state upon which the perturbations are imposed
cannot exist above that value of R* and it is only relevant to ask whether the
shear permits unstable modes for values of R* less than the critical value
found in the absence of shear.

(c) Transverse modes

For these modes / = 0; for the sake of simplicity a uniform shear (in dimen-
sional units)

U(z) = λζ,

where λ > 0 is a constant, is considered: then Re = Μ2βν. Consider the
case of small shears, i.e. Re <ξ 1. Then it is anticipated that the variables
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SALT FINGERS IN A STEADY SHEAR FLOW 5

may be expanded as a power series in Re as follows:

A = A0+ReA1+Re2A2 + ...,

for any dependent variable A. The expansion will now be substituted into
(2.3) and the equations for different orders of Re examined. (The details of
the expansion procedure are given in Appendix 1: all variables referred to
here but not defined above are defined in that appendix.)

The 0(1) equations, reduce to those of double-diffusive instability in the
absence of shear; the critical value of the effective Rayleigh number R* is

R * _ R r R _

The aim of the following analysis is to determine the effect of the shear on the
critical value of R*. A consideration of the 0(Re) equations shows that

Rt = 0.

This result is a necessary consequence of the fact that the stability must be
independent of the direction of the shear i.e. the sign οι Re. The first correction
to R* comes in at 0(i?e2). It is shown in Appendix 1 (Eq. All) that

^ 1 - 1 = Re2C{a.\R2

0 + a lRSo + «0) + 0(Re% (2.4)

where α 0 ι ο 1 ) α 2 and C are functions of the wave number k and the molecular
properties of the fluid.

Equation (2.4) shows that for the transverse finger modes the effective
Rayleigh number required for instability is increased by the presence of shear
provided the ot's are positive (RSo > 0 for fingers). For the numerical values
of σ and τ corresponding to both heat-salt and salt-sugar fingers (in aqueous
solutions) the a's are positive. It is possible, however, that for very small
values of the Prandtl number σ,α0 may become negative in which case, under
suitable conditions, the transverse modes would be destabilized by the shear.
It is interesting to note that the amount of stabilization for a given shear
depends on the initial Rayleigh numbers. No further comment on this point
will be made here but it will be returned to later when the momentum transfer
is considered.

In terms of R* (2.4) may be written as

R*(k, Re) = R%(k) + Re2R%
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6 P. F. LINDEN

Suppose

then

R*(k, Re) = J?5(fc0)+Re2(lR*"(k0)k2

1 +*?(*„)) + 0(Re*).

Atk0,

K{k0) = 0, R*0\k0) > 0.

This implies that the best choice of A: is k0 (i.e. ki = 0) and

minR*(k,Re) = i?J(

Typical numerica l values for heat-salt fingers are τ κ Ι Ο 2, σ « 7 a n d
R S o ~ 1 0 5 — 1 0 s ; t h e n using k = k0 = π/\/2

Ι^-,,^αΟ'-.Ο"). (2.5,

The large magnitude of the coefficient of Re2 in (2.5) shows that there is a
significant stabilization of the transverse mode even for very small shears.
These results are in agreement with some numerical calculations of the linear
stability of transverse modes in a constant shear made by Hart (1970). He
found that for finite shear rates Re that the modes were stabilized by the shear
and that the stabilization occurs at 0(Re2).

(d) A general three-dimensional disturbance

Attention is now returned to the general three-dimensional disturbance
described by (2.3). The problem may be reduced to the simpler two-dimen-
sional one by means of Squire's transformation. This transformation states
that if Re is the Reynolds number in the x-direction then

HRe = kRe, (2.6)

where Ρ = k2+l2 ana Re is the Reynolds number of the reduced problem.
In this problem the Rayleigh numbers are unaltered, and as k ̂  K, Re ̂  Re
and so the three-dimensional perturbation is equivalent to a two-dimensional
one with the same R* but smaller Reynolds number. For longitudinal modes
Re — 0, and hence for any fixed wavenumber they are the most likely to occur.

The above discussion has been restricted to a consideration of stationary
disturbances. Now it will be supposed that the phase speed of the disturbance
is given by c. Then the linearized equations governing the travelling dis-
turbance are the same as (2.1) except that where ζ occurs explicitly it is
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SALT FINGERS IN A STEADY SHEAR FLOW 7

replaced by (z-caRe). As with the other variables write c as a power series
in Re. Baines & Gill (1969) showed that in the absence of shear a salt finger
mode sets in as a direct instability (in the case of free boundaries). Hence

c = Rect+Re2c2 + ....

Fixing attention on the transverse modes it can be shown (see Appendix 2)
that cn = 0, η = 1,2,.... Therefore for small enough values of the Reynolds
number only stationary disturbances are allowed.

(e) Momentum transfer

The energy equation for the perturbation is (in dimensional units)

•|·<*> = g <νν(αΓ-)SS)>- (uw ^ \ -v <(VM)2> , (2.7)

where Κ represents the kinetic energy of the perturbation defined by Κ —
i(u2 + v2+w2), and < > denotes an average over a volume formed by inte-
grating across the flow in ζ and over one wavelength in the horizontal. The
main concern here is the conversion of mean flow kinetic energy to that of the
perturbation by the Reynolds stress term — <ww> {dUjdz) (for constant
dU/dz). This, in general, will depend on the form of the perturbation;
attention is now restricted to the transverse and longitudinal modes. For
transverse modes, (again restricting attention to small Re) the above analysis
shows that

where Am = (-l)Jm

m / 2 + 1 is a positive number (see (A.10)). Therefore, for
small rates of shear, the Reynolds stress is negative to 0(Re) and the trans-
verse modes transfer horizontal momentum vertically against the shear.

For the longitudinal mode it is easily seen that

<>

which is positive. This latter calculation is not dependent on Re being small
and it shows that mean flow kinetic energy is converted into perturbation
kinetic energy for the longitudinal modes. Similar results were also found by
Asai (1970a) for thermal convection at finite shear rates and so by analogy
with the thermal problem it seems likely that the transverse mode transfers
its energy to the mean flow at finite shear rates in salt finger convection also.
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8 P. F. LINDEN

For an arbitrary three-dimensional disturbance set up axes so that the dis-
turbance is described by w = weikx; then the shear has components in two
directions (U(z), V(z), 0). There are now two contributions to the Reynolds
stress — <«w> and — <iw>. Simple calculations show that the total Reynolds
stress may be either positive or negative depending on the orientation of the
mode to the shear, and that the total Reynolds stress is zero at an orientation
which is independent of the magnitude of the shear.

Finally, it is now possible to see why the stabilization of the transverse
mode depends on the value of RSo (or i?r0)· The energy removed from the
transverse mode by the Reynolds stress has magnitude

cc'Re2w0w1,
oz

oc'Re2RSa.

This term is not sufficient to account for the stabilization of 0(Re2Rs

2) shown
in (2.4). A re-examination of the energy equation (2.7) reveals the following
feature. The buoyancy term on the right hand side can be written as

+Re2g <

+ w2(aT0-fiS0)> +0(Re3).

It is easily seen that the term proportional to Re is zero (as must be the case
by symmetry). Further w2, T2, S2 α sin kx and so the second and third terms
in the equation multiplied by Re2 are zero. Therefore

g <w(xT-fiS)} = g <w(a7o-0So)> +Re2g <νν1(αΓ1 -fiS,)} +0(Re*)

As ΗΊ, Τι and St are proportional to RSo, the second term is 0(Re2Rs

2), and
it is this "buoyancy stress" which arises due to the tilt of the perturbation by
the shear that is mainly responsible for the stabilization of the transverse
mode.

3. Finite amplitude salt fingers in a uniform shear flow

The linearized stability theory for salt finger modes in a uniform shear flow
described in §2 showed that the preferred modes of instability were two-
dimensional sheets aligned along the direction of the basic flow. It is pertinent
now to ask whether or not these disturbances, which are growing exponentially
with increasing time, through modification of the basic velocity, Τ and S
fields can alter their own form to produce a finite equilibrium amplitude, as is
the case for two-dimensional rolls in thermal convection. The method of
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SALT FINGERS IN A STEADY SHEAR FLOW 9

analysis used here is to expand each dependent variable as a power series in
the small, but finite, amplitude of the disturbance in a manner completely
analogous to that of Malkus & Veronis (1958). This method of analysis is •
now quite standard and so will not be reproduced here.

The problem to be solved is identical in geometric form to that of §2. In
this case though the full non-linear (Boussinesq) equations are considered;
indeed it is the modification of the basic flow by the non-linear terms which
allows equilibration of the perturbations. As the previous section showed that
as R* was increased from zero the first mode to become unstable was that of
infinite wavelength in the direction of the shear, the investigation is restricted
to these modes. All variables are expanded in the form

where ε is the amplitude of the perturbation.
The analysis shows that there is no correction to the effective Rayleigh

number at 0(ε): i.e.

ΛΤ = RSl-rRTi = 0

However, application of the expansion procedure shows that

f}2 i—2\2 (\ _2\2 r
8/2τ

When τ = 1, this correction reduces to the value found for two-dimensional
rolls in thermal convection by Malkus & Veronis (1958). As τ -> 0, R* -*• °o
indicating that diffusion of the unstably stratified component is essential for
equilibration of these modes. Further,

w2, T2, S2 α cos 3πζ cos ly,

and so the first distortion of the finite amplitude sheet does not effect the plan
form but only the vertical structure. The non-dimensional mean profiles of
T, S and the velocity are given by

dz

dS ε
2

cos 2πζ, — = — = 0, -. (3.2)
oz
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10 P. F. LINDEN

The Eqs. (3.2) imply that there are increased gradients near the boundaries
whilst for ε > 2(/2+π2)* the temperature and velocity gradients would
become negative in the mid-region of the fluid, and for ε > 2τ(/2+π2)* the
salinity gradient would reverse.

4. The experimental arrangement

The experiments with sheared salt fingers were carried out in a specially
designed channel, which allowed two layers of fluid to be set up in a counter-
flow arrangement. The main idea was to allow the salt fingers to form at an
interface between these two layers, the shear being produced across the
interface by the bulk motion of the layers. For fluids with given molecular
properties, salt finger convection depends on the relative values of Τ and S
between the layers (denoted by ATand AS, respectively). Hence the objective

Movable portion of the
\ splitter plate

constant | —I
head tank" —ι

outlet <—·

L_

splitter plate

•-outlet

.constant
head tank

screens used to
smooth the flow cock

FIGURE 1 A diagrammatic representation of the flow channel.

of these experiments was to compare the properties of the salt fingers for
different shear rates, but keeping Arand AS constant.

The channel is shown diagramatically on Figure 1: the channel was 1.3 m
in length and 10 χ 10 cm in cross-section, and was divided into two halves by
a horizontal splitter plate running the length of the channel. Thus the flow in
each layer was approximately 10 cm wide by 5 cm deep. Unfortunately, for
heat-salt fingers the length of the fingers (Linden, 1973) was comparable with
the depth of the tank, but in order to avoid this a tank with a volume some
ten times the present one would have been required. For sugar-salt fingers,
their length was much smaller than the depth of the layer.

At the ends of the channel three wire-mesh screens were placed across the
cross-section in order to smooth out the flow. Both sections of the channel
were supplied with fluid at given rates controlled by constant-head tanks and

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

am
br

id
ge

] 
at

 0
9:

36
 2

2 
Ju

ly
 2

01
4 



SALT FINGERS IN A STEADY SHEAR FLOW 11

flow meters. As the outflow was discarded it was possible to set up a steady
flow by suitably adjusting the outflows. A central portion of the splitter plate
could be removed horizontally through one side wall of the tank producing a
measurement section of 30 cm in length. This was used to allow the two fluids
to come into contact once a basic flow had been set up.

It was found that sugar and salt were the most convenient to use for both
qualitative and quantitative purposes. Observations of the plan form of
sheared salt-sugar fingers were made using both a shadowgraph and the
method of observing the distortions produced to the light paths when a
parallel beam was shone through the tank. The latter method was used by
Shirtcliffe & Turner (1970) and is described in detail in their paper. Flux
estimates were made by measuring the net transport of sugar and salt into
the layers by taking bulk samples of the layers at the outlets. This method,
which allows the apparatus to average the layers, gives an estimate of the total
transport across the interface per unit time. The method of determining the
sugar and salt concentrations was to measure the refractive index and the
optical rotation of polarized light by the sample. From these two measure-
ments using data from the International Critical Tables it was possible to
determine the contributions to the density by the salt and sugar (Shirtcliffe,
1973) to within ±0.03% for sugar and +0.05% for salt. When the samples
were analysed the total salt and sugar content of the two layers was deter-
mined. Allowing for the rejection of inconsistent samples it was possible to
compare about eight different shear rates for given AT and AS, before
exhausting the supply.

The flux of sugar (and salt) across the interface was determined in the
following way. The sugar flux Fs into a stationary layer of depth D is given
by

d s

3 ~ ~dt '

for a constant flux. If the layer is moving with an average velocity Ό

where L is the length of measurement section. It was found that for all flow
velocities used in these experiments that the mean velocity was parabolic.
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12 P. F. LINDEN

Consequently, as the initial sugar concentration in the lower layer was zero
(i.e. at the inlet)

JjL (4.1)

where S in the sugar concentration at the outlet and Q is the volume flow rate.
Measurements were also made of the vertical fluxes in a heat-salt system.

In this case however, the conduction of heat through the splitter plate made
accurate measurements extremely difficult. Consequently, in order to avoid
this the lower layer was kept stationary throughout these experiments and
was sealed off at the ends of the measurement section. Measurements of
temperature and salinity were made with a thermistor and a conductivity
probe, as described in Linden (1971), accurate to 0.02°C and 0.02%. Two
methods of estimating the fluxes were used. In the first, the temperature and
conductivity were measured at a point (the centre of the layer) as a function
of time and these values were taken to be representative of the whole layer.
The fluxes were estimated from the gradients of these curves taking averages
over times for which the gradient remained constant (usually about 10 min).
The second method used was to stir the lower layer after a run (the splitter
plate having been replaced over the measurement section), in order to ensure
that the measurements were time averages of the layer. It was found that the
two methods produced essentially the same estimates for the fluxes.

The mean flow was measured by means of observing the distortion of dye
lines produced by electrically pulsing wires stretched across the tank, with
thymol blue solution flowing in the layers (see Linden, 1973). It was found in
all cases that the flow was parabolic (within 5 %) for all values of the flow
rate: the velocity difference between the layers varied from 0-2.0 cm/sec.

Before proceeding to a discussion of the experimental results it is necessary
to evaluate one more aspect of the experimental arrangement, namely the
effect of the finite measurement section. The finite length of the section has
two effects. First, the fingers must develop once the two layers come into
contact: calculations of the growth rate of salt fingers (Robinson, 1971) show
that for the flow rates used in these experiments the fingers will form approxi-
mately 0.1 cm from the edge of the splitter plate. This estimate is in good
agreement with observations, and neglect of the region leads to errors of the
order of 0.5%.

The second effect of the finite measurement section is that if the two layers
are moving with a relative velocity AU, then the rate of change of Τ and S in
each layer will vary with change in AU even if the actual fluxes across the
interface remain unchanged. In the limit AU -> oo, no Τ or S will cross the
interface (in the absence of shear instability and diffusion) as the fluid will be
swept away from the measurement section before it can enter the other layer.
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SALT FINGERS IN A STEADY SHEAR FLOW 13

It should be emphasised that this is a purely geometrical effect but it must be
estimated when considering the fluxes across the interface.

It was shown (Linden, 1973) that the vertical flux of salt across an interface
containing salt fingers is proportional to the velocity of the fluid in the fingers.
Consider the lower layer to be stationary and the upper layer to be moving
with velocity (U(y, z), 0, 0). The salt finger flux into the lower layer will be
modelled by considering fluid of depth h, moving with velocity (0, 0, — w).
The aim is to determine how much of this fluid is capable of entering the
lower layer before being swept past the measurement section by the mean
flow. Suppose a parcel of fluid starts at some point (x0, y0, z0) at time t = 0.
Then at time / its position will be given by (xo+\'oU{y0z)dt, yo,zo —wt).
Thus for a parcel starting at (x0, y0, z0) to contribute to the flux it is necessary
that ζ ^ 0 for some xe[0, L] where L is the length of the measurement
section. Taking

where the origin of the coordinate system is the centre of the upstream splitter
plate edge, it is easy to show that

3D . . . ^ ~j = ( 4 „
^ ' 1/ 7-»2 - .2\ ' ^ '

is the caustic of a shadow-zone in the tank, above which no parcel can reach
the lower layer before being swept from the measurement section. Suppose
now that the shear has no dynamical effect on the fingers. Then measurements
of the flux obtained from the transports across the interface would decrease
as λ increases. This decrease, due to more of the fluid being in the shadowzone,
is given by

/ = ^ τ 7 ΰ Γ Γ z(x>y)dxdy> ( 4 · 3 )
2LDhJoJ_D

where z(x, y) is the solution to (4.2) provided ζ ^ h. If ζ > h (the length of
the fingers) then it is replaced by ft in the integration. In other words, the
volume under the shadowzone is calculated up to a height determined by the
length of the fingers.

There are uncertainties in estimating J for a particular situation: for heat-
salt runs w was estimated on the basis of the data given in Linden (1973) and
h was taken to be the depth of the layer. For the sugar-salt runs h was deter-
mined from a shadowgraph and the velocity and "guessed" on the basis of
a scale analysis.
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14 P. F. LINDEN

FIGURE 2 Plan view of two-dimensional sheets; the mean flow is horizontal in these
photographs.
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SALT FINGERS IN A STEADY SHEAR FLOW 15

5. The experimental results:

(1) QUALITATIVE OBSERVATIONS OF SUGAR-SALT FINGERS

Although it was possible to visualise both the horizontal and vertical structure
of the fingers with a shadowgraph the observations of the plan form gave the
most information. The use of a shadowgraph in viewing the vertical structure
is limited by the fact that the resulting patterns are the sum of all deviations
along a horizontal light path. As the mean flow varied in the horizontal, with
the velocity being zero on the side walls the fingers in these relatively shear
free areas obscure the structure in the centre of the tank. However certain
features could be ascertained.

For all flow rates used, strong convective motion was observed in both
layers on either side of a distinct interface region of some 0.5-1.5 cm in
thickness. Buoyant elements were observed to break off from this interface and
be swept downstream by the mean flow; the break off process appeared to be
identical in form to that reported for unsheared fingers (Stern & Turner, 1969,
Shirtcliffe & Turner, 1970). The interface appeared to become thinner with
increasing flow rates, but was constant in thickness over the majority of the
measurement section, the ends of the splitter plate affecting the motion for
1-2 cm downstream.

Observations of the plan form, either with a shadowgraph or using the
method of Shirtcliffe & Turner (1970), indicated the following change in
patterns as the shear increased. When there was no shear the observed plan
form is that of essentially square cells with arbitrary orientation (see Shirt-
cliffe & Turner (1970) for some excellent photographs). As the shear is
increased the first effect is an immediate alignment of these cells into rows
parallel to the mean flow; this alignment was observed at all values of AU
(the velocity difference between the centres of the layers) except zero; the
lowest value attained in these experiments was 0.04 cm/sec. As the magnitude
of the shear increased the cells were elongated in the downstream direction.
Further increase of the shear removed any visible variation in the downstream
direction. Figure 2 shows two examples of these two-dimensional sheets
shown in plan form.

At no stage was it possible to inhibit the formation of these longitudinal
sheets by the shear, although the smallest value of an overall Richardson
number Ri = gApD/po(AU)2, where Ap is the density step across the inter-
face, obtained was 6.2. This value of Ri was the limit of the controlled experi-
ments. During filling it was possible to get lower Richardson numbers and up
until mixing occurred the two-dimensional mode structure was visible. It is
clear that if the shear tilted the fingers from the vertical, the plan view would
also show two-dimensional sheets. However, viewing the plan form using
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16 P. F. LINDEN

light at angles up to 60° to the vertical failed to reveal any cross-stream
structure.

(2) QUANTITATIVE RESULTS

(a) Stabilization of the transverse mode of sugar-salt fingers

In §2 it was shown that the shear stabilizes all modes which have a component
of the shear normal to their wavecrests. It is convenient to rewrite (2.4) as

A 0£

Hence the value of the shear Ac at which transverse mode is suppressed is
related to αΔΓ and

provided R* > R* (as was the case in the experiments). Xc was determined
experimentally by observing the plan form with a shadowgraph and increasing
the flow rate until the transverse modes disappeared and only sheets aligned
downstream remained. Then, by dropping dye crystals into the tank, the
shear across the interface was determined from photographs. A series of runs
was carried out in which <xAT varied between 10-33 % and pAS/ccAT from
0.4-0.9. The results of the determination of Xc shown on Figure 3 are well
correlated by the relationship (5.1).

(b) Sugar-salt flux measurements

The fluxes of sugar and salt across the interface are shown on Figure 4. These
plots show the fluxes normalised with respect to the value of the flux at zero
shear, as a function of the velocity difference between the layers. The four
runs shown span a range of 0.015 g aAT ^ 0.074 and 0.014 ^ jSAS g 0.044,
and were chosen because of their completeness of data points over the range
of AU. There is a considerable scatter on the results but note that there is an
increase in the flux as the velocity difference increases. This increase is greater
in the sugar flux than in the salt flux, a trend which is reflected in the fact that
the ratio of the fluxes r = FTjFs decreases with increasing AU (Figure 5).

(c) Heat-salt flux measurements

The increase in salinity and temperature of the lower layer as functions of
time are shown on Figures 6 and 7. These curves, which are representative of
the data, show that as AU increases the salt transport into the layer decreases,
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SALT FINGERS IN A STEADY SHEAR FLOW 17

υ«3

0-24

020

016

012

008

004

-

^_ ο

χ •

_ ο
χ ·

χ
•

* °:
ο

χ

—

Ρ» 1 Ι

•

Ί

ι
0-12 016 0·20 0-24004 008

FIGURE 3 The value of the shear Xc which stabilizes the transverse mode plotted against
(0AS— τιχΑΤ)*ΙαΑΤ. The error bars indicate an estimateforthe[uncertainty in determining Xc.

2-5 r

01 0-2 0-5 0-60-3 0-4

AU (cm/sec)

FIGURE 4 The fluxes of sugar and salt, normalised with respect to the value at zero
shear, plotted against the velocity difference Δ U. There are four values of ceA7*and 0AS
represented here: atJT = 18.0%o, fiAS = 15.0%0—#: aAT = 37%O 0AS = 21.0%o—•:
αΔΓ=74.0%0, fiAS = 44.Q%o—A «ΔΓ = 15.0%,,, /?Δ5 = 14.0%0—•. Closed symbols
refer to the sugar flux and open ones to the salt flux. The broken line represents the flux
reduction due to the shadowzone when w = 0.01 cm/sec and h = 1.5 cm.
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18 P. F. LINDEN

0-1 0-2 . 0-3 0 4 0-5 0-6

FIGURE 5 The ratio of the buoyancy fluxes r plotted against Δ U. The symbols have the
same meaning as those referred to in the caption to figure 4.
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FIGURE 6 The increase in salinity of the lower layer for various values of Re plotted
against the time measured from the time of withdrawal of the central portion of the
splitter plate.
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SALT FINGERS IN A STEADY SHEAR FLOW 19

whereas the heat transport decreases initially and then increases with further
increases in Δ U. The normalised salt fluxes are shown on Figure 8 and the
normalised heat fluxes on Figure 9: the points marked with an open symbol
denote values obtained by stirring the lower layer before and after the measur-
ing period. They were used as a check on the validity of using a point reading

15 20
Time (min)

FIGURE 7 The increase in temperature of the lower layer corresponding to the salinity
increase shown on figure 6.

to represent an average layer value; the agreement between the fluxes deter-
mined these two ways is taken as a justification of the method.

6. Discussion of the experimental results

The fluxes of sugar and salt are seen to increase with increasing shear. For
sugar-salt fingers the shadowzone effect is small, implying a decrease in flux
of approximately 10% over the range in AU used in the experiments. The
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20 P. F. LINDEN

02 04 06 08 10

AU(cm/sec)

1-2

FIGURE 8 Normalised salt fluxes plotted against AU. «AT = 3.5 ± 0.4%0, fiAS = 0.7
± 0.15%o—φ αΔΓ= 2.6 ± 0.4%o, fiAS = 0.4 + 0.1%o—H- The broken line represents
the flux reduction due to the shadowzone when w = 0.05 cm/see.

02 0-6 08 10

AU (cm/sec)

1-2

FIGURE 9 The normalised heat flux corresponding to the salt fluxes for the parameters
shown on figure 8.
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SALT FINGERS IN A STEADY SHEAR FLOW 21

decrease in flux due to the shadowzone, based on a velocity of 0.01 cm/sec
and an interface thickness of 1.5 cm is shown on Figure 4: this curve then
represents the flux which would be measured if the shear had no dynamical
effect on the fingers. The observed increase in flux with increasing AU is con-
sistent with the notion that unsheared salt fingers are in a state of "quasi-
equilibrium" (Linden, 1973) with the flux through the fingers being equal to
that into the convecting layers on either side. In these experiments the mean
flow advects sugar and salt away from the interface region, thereby increasing
the potential of the convecting regions to take a larger flux from the fingers.
This idea is borne out by the observations that the interface becomes thinner
with increasing shear, thereby increasing the gradients across the interface;
unfortunately, a systematic study of interface thickness was not made. This
increase in flux resulting from the horizontal advection will only occur when
there are horizontal inhomogeneities in the layers (as was the case in the
experiments). In oceanic situations where large scale homogeneous layers are
found (see, e.g. Tait & Howe, 1971) this effect will not be relevant.

The fact that the sugar flux increases at a rate greater than the increase in
salt flux as AU increases is indicated by the fact that r decreases from 0.92
at ΔU = 0 to about 0.6 at AU = 0.7 cm/sec. In a manner not yet properly
understood unsheared salt fingers adjust so that r is constant over a large
range of Rp = αΑΤ/βΑδ. Any distortion of the length and shape of the fingers
is almost certain to change the diffusion balance in the fingers and so cause a
change in r. However, it is not clear how the value of r depends on the shape
of the fingers or indeed on the dynamics of the transition between the well-
ordered finger motions and the convecting layers.

The heat-salt transports across the interface exhibit similar features to the
sugar-salt case. It must be remembered that the shadowzone effect is more
important for heat-salt fingers: for example, based on a finger velocity of
0.05 cm/sec and assuming the fingers reach to the top of the tank, then the
reduction in measured transport is approximately 60% when AU = 1.6 cm/
sec. The shadowzone reductions are indicated by the broken line on Figure 8.
In view of this calculation, the measurements show that the flux of salt through
the fingers is virtually unaffected by the shear. In this case the depth of the
tank is insufficient to allow a quasi-equilibrium situation to be set up and the
increase in flux due to advection by the mean flow is not found. Therefore, it
is concluded that a steady shear does not inhibit the salt flux across the inter-
face, the two-dimensional sheets being as efficient transporters of salt as the
salt fingers. This result is to be contrasted with the conclusion that turbulent
motions, by their disruption of the fingers, do inhibit the salt flux (Linden,
1971).

The heat flux measurements show a trend similar to those of the salt flux,
except that at large AU the flux increases again. It seems likely that this
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22 P. F. LINDEN

increase in flux is due to conduction across the interface as the temperature
gradients are sharpened at the splitter plates as AU increases. However this
explanation is at best tentative and needs more investigation before it can be
verified.

7. Conclusions

The work described in this paper attempts to determine whether or not salt
fingers can exist in the presence of steady shear flows. As the main motivation
was to see whether oceanic microstructure, which very likely supports velocity
shears, can in some circumstances be produced by salt finger convection, the
study has concentrated on determining whether or not the influence of salt
fingers is inhibited by shear. Linear stability analysis for small shears revealed
that all modes with a component of the shear normal to their wavecrests are
inhibited by the shear, and that the preferred mode of instability is a two-
dimensional mode parallel to the mean flow. The finite amplitude properties
of these modes was then investigated by the procedure of making an expansion
in the perturbation amplitude ε. It was shown that the sheets were stable to
0(ε3), and that the first finite amplitude correction only effects the vertical
structure and not the horizontal plan form.

The experiments showed that the fingers were first aligned by the shear, and
then as the shear was increased the transition to the two-dimensional sheets
was observed. Estimates of the vertical fluxes of S and Τ across the interface
indicated that the fluxes were not significantly reduced by the shear. The two
main properties of the salt fingers which have a particular relevance to the
ocean are the large (compared with diffusive fluxes) vertical fluxes of S and Τ
carried by the fingers and the ability of the fingers to produce layered S and Τ
structure. Layering is produced (Turner, 1967) by the unstable buoyancy
flux gFs(l —r) across the interface which can mix the fluid on either side. The
experiments have been restricted to the case where the interface is stable to
shear instability. Within this restriction it is concluded that a steady shear
transforms the salt fingers into two-dimensional sheets which also produce
large S and Τ fluxes in the vertical. Further, as r decreases with increasing
shear the unstable buoyancy flux across the interface increases, thereby
enhancing the potential of the fingers to produce layered microstructure from
initially smooth gradients. This conclusion is in contrast to the observations
that unsteady shears (turbulence) inhibit the flux and the ability of the fingers
to produce layered structure (Linden, 1971).

The experiments indicate that in the ocean the fingers will be aligned in the
direction of any mean currents. Consequently, by designing an instrument
which can detect the direction of the current the relative orientation of the
instrument and the fingers will be known. This is particularly important if the
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SALT FINGERS IN A STEADY SHEAR FLOW 23

array structure of the finger is to be used as an aid to their detection, as is the
case with some optical methods. Also, in the ocean, there will almost certainly
be some feedback between the salt fingers (if they exist) and the shear. In
these situations the scale of the larger motions may be so large that Coriolis
effects may be important. However, the results of this investigation indicate
that salt fingers may play a significant role in the vertical transport of heat and
salt in some areas of the ocean, even if significant velocity shears are present.
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Appendix 1

THE EXPANSION PROCEDURE FOR SMALL Re

For the transverse mode the 0(1) equations may be written as

L(w0) = 0

where L is a linear operator of the form

(Al)

L Ξ ABCV2

2+(RToC-RSoB)^,

where

For stationary disturbances, the marginally stable case is given by d/dt = 0
and the well known solution is

1

1
(k2+m2n2).

1

cos kx cos mnz, (A2)
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24 P. F. LINDEN

m integral, with

R*o = RSo-*RTo = *(k2+m2n2)3/k2 (A3)

The most unstable mode has k2 = π2β, m = 1 when R$ = (27π4/4)τ.
The 0(Re) equations are

= --BCV2

2w0x+zRSoBS0xxx-zRToCT0xxxσ

+BC(RTlTOxx-RSlSOxx), (A4)

where L is as in (Al). A necessary condition for the existence of a non-trivial
solution to this problem is

Iwofda = 0 (AS)
Ω

where/is the forcing function (the r.h.s. of (A4)) and Ω is the gap in ζ times
one wavelength in x. Application of (A5) to (A4) gives (after substitution of
(A2))

• ^ - = τ ; i.e. R* = 0. (A6)

It is thus necessary to go to 0(Re2) to determine the correction to R*. To this
order the equations may be written as

L(w2) = F(w0, wu To, Tlt So, Slt RTo, RTl, RTl, RSo, RSl, RS2). (A7)

Application of (A5) to (A7) gives

RTA dz\w0BCT0xxdx-RS2\ dz J woBCSOxx dx

[zRToCTlxxx~zRSoBSlxxx+^BCV2

2wlx (A8)-Γ-44
:SlBCSlxx\dx.-RTlBCTixx+R,

In order to solve for RT2 and RSl it is necessary to find wu Tt and Sx from
(A4). For m = 1, one has

V^M^+b2w l x x = az sin kx cos πζ, (Α9)
whereD
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SALT FINGERS IN A STEADY SHEAR FLOW 2 5

The boundary conditions on wt are

*»Ί = Wixx = Wuzzz = 0, on ζ = ± i .

The solution of (A9) may be written in the form

h\ (aA
\Ti)= Σ I *• I sin ma sin kx (A10)

\ s i / m e v e n VW

where

δαί-ΙΓ^'Η»
π2(/π - \)\m +1)2 [(/Μ2π2 + jfc2)3 + 62A:2

1 f _,_ 8,
2 J '

Cm ~ z{m2n2+k2) j f l m

In order to obtain estimates for RT± and RSl using (A 10) the series is truncated.
As am = 0(m~8), bm = 0(m"4) and cm = 0(m~4) the series is truncated after
one term, i.e. m = 2. Substitution of w0, wx, To, Tu So, St in (A8) gives

^ - l = H e 2 C ( a 2 H | o + a 1 i ? S e + a o ) + 0 ( l i e * ) , (All)

where

C = 27·102/(35π8τΑ;2^),

a2 = ^ ( i -τ)
2/ΝΣτ3,

[ 2 27π

"• -

27π4 k3\ (Ι-τ)Α:3 /27π4 , , τ , ,

4 , 3 τ , 3\ikN2 27π4 fc3\ 27π4
27π fc\

L = M3 + b2k2, Μ = 4π2+Λ2, iV = Α:2+π2.
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26 P. F. LINDEN

Appendix 2

PROOF OF STATIONARY DISTURBANCES

Assume that the limit Re -> 0 is not singular. Then (Baines & Gill, 1969) for
Re -4 I expand the phase speed c of a disturbance as

c = c1Re+c2Re2 + .... (A12)

Attention is fixed on the transverse mode, noting that the result for a three-
dimensional disturbance follows (see §2(d)) by Squire's transformation. In
general now JR* will be complex: in order that the result be physically mean-
ingful R* must be real which is sufficient to determine c.

The terms proportional to Re now give applying the solubility condition
(A5) to (A4) (in place of (A6)).

R*+iClG(w0, To, So, RTo, RSo = 0), (Al3)

where G is a known function consisting of integrals of w0, To, So, RTo and
RSo. The real part of (A13) implies R* — 0 as before: the imaginary part
(as w0, To, So are even functions of ζ and therefore G Φ 0) implies that
cx = 0. Suppose now that cm = 0 for m = 0, ..., n. Then to 0(i?e"+1) it is
easily seen that the equations may be written in the form

L(wn+1) = F(wj, Tj, Sj, RTj, RSj, RSn+1, RTn+1)

+ icn+ ^(Wo, To, So, RSo, RTo) j = 1, ..., η

where F and G are known. Application of (A5) gives

Equating real parts of this equation gives the condition on R*+ x and equating

imaginary parts with the condition that i l * is real gives cn+1 = 0 as w0, TQ,

So are even functions of z. Hence, by induction, cn = 0 for all n.
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