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In this paper two aspects of the deepening of a mixed layer in a stratified fluid
are examined in the laboratory. The first is the deepening of a layer into a region
of constant density gradient. Turbulence is produced by an oscillating grid which
generates a horizontally homogeneous field of motion with no significant mean
flow. It is found that the rate at which the potential energy of the basic stratifica-
tion is increased by the mixing does not bear a simple relationship to the rate of
energy input by the grid. On the other hand, when allowance is made for the
decay of turbulent energy away from the grid and only that portion to reach the
bottom of the mixed layer is considered, the rate of potential energy increase is
found to be proportional to this available energy. The second aspect to be dis-
cussed is the effect of energy radiation by internal waves in the region below the
mixed layer. Estimates are made of the possible loss of energy to these waves,
which reduces the amount available to deepen the layer. An experimental demon-
stration of up to 50 9, reduction in the mixing rate due to the presence of internal
waves is given. Finally, the implications of these results are discussed in the light
of current theoretical models of the deepening process.

1. Introduction

The amount the oceanic thermocline deepens during the passage of a storm
or owing to convective motions induced by cooling at the ocean surface is an
important aspect of the general question of the interaction of the atmosphere
and ocean. This phenomenon has many features in common with the equivalent
process of the rising of the atmospheric inversion during the course of the day
due to wind mixing and convective heating. Both of these phenomena have
been the subject of considerable interest over the past few years but, although the
basic physical processes have been identified, understanding of the details of the
deepening is in many cases superficial. The current state of knowledge of the
subject is summarized by two recent papers. Niiler (1975) gives a comprehensive
description of the energetics of the deepening of the upper mixed layer of the
ocean and shows that the energy and momentum input at the surface is propor-
tioned into mean and turbulent energy of the layer. Both of these types of motion
are then available to mix fluid aecross the thermocline thereby increasing the
potential energy of the water column. A model of the deepening of the atmo-
spheric boundary layer has been presented by Carson (1973).

It is not the object of this paper to discuss the details of attempts to model
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these phenomena. Indeed the atmospheric case will not explicitly be discussed
further although much of what will be said will be relevant to that case also.
The aim of this paper is to isolate in the laboratory two aspects of the deepening
process, and to relate the consequences of the experiments in terms of these
models. Within the assumption that the deepening of the wind-mixed upper layer
can be considered as a one-dimensional process, we isolate in the first instance
the effect on the deepening rate of the decay of turbulent energy as the depth of
the thermocline increases. This is done by generating a horizontally homogeneous
field of turbulent motion at the top of a water column which has a linear increase
in density with depth. The turbulent motions are generated in such a way that
there is no significant mean flow; consequently the relative importance of the
mean flow and the turbulent motions in deepening the layer can be assessed by
comparison with other experiments where this feature is included (e.g. Kato &
Phillips 1969). A comparison is made between the rate of change of the potential
energy of the water column due to mixing and the rate of input of kinetic energy
at the surface. It is shown that these do not bear a simple relationship to one
another, although in theoretical models it is usually assumed that they are
proportional (Niiler 1975).

The second feature which is isolated in these experiments is the effect of
removal of energy from the turbulent motions by internal wave radiation. When
the region below the thermocline is stably stratified the action of the turbulent
motions on the thermocline can excite internal waves in this region. These waves
may then propagate energy away to great depths thereby leaving less energy
available for the deepening of the layer. This feature too has been ignored in the
theoretical models to date. By carefully controlling the geometry and density
stratification a significant reduction in the mixing rate has been observed when
a density gradient has been present in the region below the turbulent layer.

The paper is divided up in the following way. In §2 the experiments are
described and the various means of monitoring the deepening of the mixed layer
are discussed. In §3 the penetration of the mixed layer into a constant density
gradient is discussed. Some theoretical ideas are investigated and then com-
pared with the experimental results. In §4 the effect of internal wavesis examined,
by first discussing the parameter range over which they are important and then
giving an experimental example of the reduction in mixing rate. The details of the
internal wave motions generated by the turbulent motions are examined. The
implications of these results with regard to theories of the deepening of the
thermocline are discussed in § 5.

2. The experiments

The experiments were carried out in a rectangular Perspex tank 254 x 25-4 cm
in cross-section and 46 cm deep. Turbulence was generated by oscillating a hori-
zontal grid consisting of 1 cm square bars in a 5 x 5 array with 5 cm between the
centres. The grid was oscillated vertically with a stroke of 1 cm, with frequencies
up to 5 Hz. This grid and tank have been used for mixing experiments on several
occasions (Turner 1968; Crapper & Linden 1974); details of the turbulence
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generated by this apparatus in a homogeneous fluid have been measured and
related to the frequency and amplitude of the grid oscillation by Thompson &
Turner (1975). They found that the r.m.s. horizontal velocity %’ of the turbulence
decays with increasing distance z from the grid and is given by

w' = 1-dwz-tzf ems,

where o is measured in hertz, and the integral length scale of the turbulence [ is
related to the distance from the grid by

!l = 0-1zcm.

Here z, is the stroke length of the grid oscillations (1 em).

The penetration of a turbulent layer into a region of density variation was
studied by filling the tank with a stable salt stratification. Three types of stratifi-
cation were used in order to isolate different aspects of the deepening process. In
every case the grid was positioned at a mean depth of 6 cm below the free surface,
which was 40 cm above the bottom. The region above the grid was always kept
homogeneous by the turbulence and initially contained fresh water. In the first
series of experiments, designed to study the penetration into a constant density
gradient, the region below the grid was filled with a salt solution such that the
density increased linearly with distance from the grid. The experiment was
started by turning on the motor which vibrated the grid; the depth and charac-
teristics of the mixed layer were then monitored at discrete times thereafter.

In the second series of experiments a different initial stratification was used.
It was intended to isolate the effects of internal wave radiation on the mixing
process at a density interface. This was achieved by setting up a two-layer initial
stratification with the interface at a distance of 7cm below the grid. The stirring
was then begun and the rate of descent of the interface measured. The experiment
was then repeated with the lower homogeneous layer replaced with one in which
the density increased linearly with depth and the rates of descent compared. In
order to ensure that the only significant difference between the two runs was the
presence or absence of a gradient beneath the interface it was necessary to ensure
that the interface only deepened a small amount. In this context ‘small’ is defined
in relation to the length Ap/p,, where Ap is the density difference across the inter-
face and p, the gradient in the layer below. By suitably adjusting the parameters
it was found that the density step across the interface at the conclusion of the
measuring period could be kept within 39, of the initial value of Ap. Further
evidence that the situation was properly controlled was provided by the observed
fact that the rate of descent of the interface was constant over the measurement
period (see figure 5).

The characteristics of the mixed layer and the stratified layer were determined
using a conductivity probe (see Crapper & Linden (1974) for details of the
measurement system). Profiles of conductivity vs. depth were obtained by
rapidly traversing the probe vertically downwards (at a fixed horizontal position)
at various times during an experiment, thereby obtaining an effectively instan-
taneous profile, which was converted to density units by calibration. The probe
was also used to obtain some indication of the wave motions generated at and
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below the interface by the turbulence. This was done by measuring the conduc-
tivity at a point as a function of time. This proved to be reasonably satisfactory
at or quite near the interface. However, at moderate distances below theinterface
the extremely slow motion of fluid past the probe tip did not appear to be
sufficient to wash away the polarization field which builds up there. Consequently,
spurious and quite unrealistic readings were obtained under these conditions.

The depth of the mixed layer was usually determined visually from a shadow-
graph. As a result of fluctuations of the interface the depth of the mixed layer
was uncertain by + 0-1 c¢m in some cases. The results of these measurements were
confirmed by the conductivity—depth profiles. A further method of visualization
was to place neutrally buoyant beads in the tank; with these it was also possible
to obtain an estimate of the wave motions generated by the turbulence.

Details of the wave motions propagating in the gradient region beneath the
interface were obtained by suspending aluminium particles in the water and then
slit lighting the tank from the side. The wave motions were observed to be very
slow so time-lapse movies were made which, when projected at normal speeds
giving a 10-20 fold increase in speeds, showed quite clearly the wave motions
generated. These movies were then analysed to give some indication of the phase
speeds, group velocity and wavenumber of the waves.

3. Increase in depth of the mixed layer and the formation of the
thermocline
Theoretical considerations

Consider the turbulent energy equation for a mixed layer with no mean shear,
which takes the form (Niiler 1975)

10— @ » q'* § — =

o 9 e ! L L - _ < LN — 1 s

55?1 T3 [w (p0+ 2)] powp vVu' . V', 1)
where the turbulent velocity field u’ = (u',v",w’), ¢'2 = w2+ 92 +w'2, p’ is the
perturbation pressure, p’ the density perturbation, p, the mean density, g the
acceleration due to gravity and v the kinematic viscosity. In the absence of a
buoyancy input both terms on the right-hand side of (1) are negative and they
represent the extraction of energy from the turbulence by a turbulent buoyancy
flux and viscous dissipation €. Integrating (1) across the mixed layer from the
grid to the interface we have

(P q'z)] [ ,(p’ q'z)] g f—— ; f
w =+ =|lw{=+= —= | wp'dz—| edz, 2
[ (Po 2/ lint Po 2 )lgia Po p @

provided the turbulent kinetic energy is independent of time (as is the case in our
experiments). Equation (2) states that the turbulent energy at the interface is
the value input at the grid minus that removed by the buoyancy flux and dissipa-
tion in the layer.

In his model Niiler (1975) calculates the rate at which the layer would deepen
by assuming that the energy required to accelerate the fluid entrained is equal
to the energy available at the interface as represented by the term on the left-
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hand side of (2). In order to relate the rate of deepening to the input at the surface
(the energy source for the oceanic case and equivalent to the grid in these experi-
ments), it is necessary to estimate the remaining dissipative terms on the
right-hand side of (2). Niiler (1975), in keeping with previous authors, makes the
simplest possible assumption, namely that the energy available at the interface
is a constant fraction of the surface input independent of the depth of the mixed
layer. There appears to be no @ priort justification for this assumption and it is
made purely for convenience. We shall now investigate the consequences of this
assumption in the context of our experiments.
Consider a stratified water column where the density p(z) is given by

B { il —-d<z<0,)
r= Po— 'z + Dy), ~H<z<-d,)
where the z axis is taken as positive upwards. Here d represents the depth of the

mixed layer and H the total depth of the fluid column. Then under the condition
that the total mass in a vertical column is conserved, i.e.

3)

0
f pdz = constant,
-H
the potential energy of the column is given by
0
V= f gpzdz = £9Td3 - 19" D3d + 3gAp, Dyd + constant,
-H

where Ap, = p,—p, when d = D,, is the initial density step.
Hence dV[dt = $poN¥d?~ D3)d + bgDp, Dod, (4)

where & is the buoyancy frequency of the column below the mixed layer, given by

In the experiments to be described in this section there is no initial density step,
i.e. Ap, = 0, and so the second term on the right-hand side of (4) is zero.

Therate of input of kinetic energy by the grid is proportional to pyw3, where w
is the frequency of oscillation (the amplitude remaining fixed). The assumption
that the rate of change of the potential energy of the water column is propor-
tional to the rate of energy input by the grid implies that

D(D+2D,)dD[dt = ¢, w?[N2. (5)

Here d = D+ D,, where D, is the depth of water above the grid (kept constant
at 6 cm in our experiments) and D is the depth of the mixed layer measured from
the grid. ¢, is an unknown constant of proportionality. With the initial condition
that D = 0 when ¢ = 0 we find

D*D+3D,) = 3¢, 0Nt (6)

If the numerical value of D, is substituted into (6) it may then be solved
explicitly. However, for our present purposes it is sufficient to note two limits.
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During the initial stages when D < D,, D oc t}, whilst in the later stages of the
cxperiment when D » Dy, Do th.

In the case of the present experiments, though, it is possible to estimate the
amount of kinetic energy in the turbulent motions at the interface directly.
As was mentioned in §2, Thompson & Turner (1975) have measured the r.m.s.
horizontal velocity 4’ of the turbulent motions as a function of the distance from
the grid. Hence we can now make a comparison equivalent to (6) but where the
rate of production of kinetic energy at the interface is included explicitly. The
rate at which kinetic energy arrives at the interface is given by Lp(2u’2+ w'2)w’;
assuming that w’ ~ u’ we estimate this as $p,u’3, where u’ = u'(z) as given by
Thompson & Turner (1975) (see §2). If it is now supposed that the potential
energy changes at a rate proportional to the rate of input of kinetic energy at the
interface we have

DD +2D,)dD|dt = 6(1-4)%c, 3N 225" , (7)

where 2, is the stroke length of the grid oscillations (1 ecm). ¢, is a dimensionless
constant whose value indicates the fraction of kinetic energy converted to
potential energy. Solving (7) we find (with z, = 1 and Dy = 6)

D7 (D +12) = 3(1-4)%,w3 N-2t. (8)
Taking the limits of short and long times as before we have

ti%, 2z, <D < D,,
Dcc { .
v, D> D,

These results show a much reduced rate of growth of the mixed layer compared
with that obtained when it is assumed that a constant fraction of the grid input
is available to increase the potential energy of the system.

The experimental results

When the stirring was initiated the turbulence penetrated to some finite depth
almost immediately (usually ~ 2-3cm in the first minute). After this initial
stage a turbulent mixed layer formed which then penetrated gradually into the
region of constant density gradient. Figure 1 shows a series of three density-
depth profiles taken at approximately 10min intervals which exhibits this
deepening of the mixed layer. The main features to notice on these profiles are
that the upper layer is uniform and then the density gradient increases to a
maximum in the ‘thermocline’ which has been formed by erosion of the density
gradient. Beneath the thermocline the density gradient decreases to the value
in the fluid beneath. This lower gradient remains the same throughout the experi-
ment. Figure 2 shows a plot of the buoyancy frequency against depth. The value
of the density gradient was obtained by averaging successive sets of 10 data
points and then differencing these averages; as approximately 250 data points
were collected for each profile this method gives 24 readings of the gradient
spaced vertically at about 0-4cm. Figure 2 shows that a significant density
interface has been established at the bottom of the mixed layer with a thickness
of about 1-5 cm.
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Ficure 1. The penetration of a mixed layer into a constant density gradient, as shown by
three density—depth profiles taken approximately 10 min apart. Note that as the deepen-
ing progresses the upper layer remains well mixed and that the density gradient is un-
changed; the build-up of a ‘thermocline’ at the bottom of the mixed layer is observed.
These profiles are reproduced (smoothed) from the output of the conductivity probe; the
depth scale has an arbitrary origin.

The density profiles shown on figure 1 are very similar in appearance to those
obtained in the upper regions of the ocean. Kitaigorodskii & Miropol’skii (1970)
have analysed several density profiles obtained at ocean weather ships at various
times of the year and found that they can be non-dimensionalized in order
to give a ‘universal profile’. The non-dimensionalization is achieved by
defining

T = [p,—p@)[[py—prl, &= [z—DH)]/(h—D()],

where p,, is the density of the upper mixed layer of depth D(¢) and % is a reference
depth (where the density is p;,) below which the stratification remains constant in
time. They hypothesize that T = T'({) and plot the oceanic data accordingly. We
gave done an equivalent plot for the density profiles taken in these experiments.
Figure 3 shows a typical plot of 7'({) against {, the values of { < 0 corresponding
to values in the mixed layer. The profile so obtained shows good qualitative
agreement with those given by Kitaigorodskii & Miropol’skii (1970).
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Ficure 2. A plot of the square N2 (= —gp; ! dp[dz) of the buoyancy frequency obtained
by differencing averages of successive sets of data points from a profile similar to that
shown on figure 1. The intensification of the gradient at the bottom of the mixed layer is
reflected in the peak in the N2 vs. depth curve. The depth scale has an arbitrary origin.
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Ficure 3. The dimensionless density profile obtained from a density—depth profile such
as that shown in figure 1. T is a dimensionless density co-ordinate and { a dimensionless
depth co-ordinate. { < 0 corresponds to the mixed layer and 0 < { < 1 to the region
through the interface to a reference depth in the stable layer. For this case the stratification
in the stable layer has buoyancy frequency N2 = 0-01 s=2. L T(8) = 28— 882+ 184 see §3.
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F1GURE 4. A plot of the depth of the mixed layer below the grid D as it penetrates a constant
density gradient against the time ¢ after the stirring was begun non-dimensionalized with
respect to the grid frequency w and the buoyancy frequency N. The experimental points
represent five separateruns: @, N2 = 0:009s7%, w = 3-3 Hz; x, N? = 0-0158 %, w = 5 Hz;
O, N2 =0017s"% w=17Hz; A, N?= 000582 w=5Hz; -+, N2 = 0-009s¢,
w = 5 Hz. The error bars represent the maximum possible uncertainty in the experimental
points. , equation (8) with the coefficient ¢, adjusted to give a best fit to the data.

It is possible to obtain an approximate analytic expression for T'(¢) for
0 £ ¢ < 1. For the experimental run shown on figure 3 this is

T(E) = 26— §E2+ L8

(see the appendix), which is plotted as the full curve on figure 3. The agreement
with our data is quite satisfactory.

The depth of the mixed layer as a function of time is plotted (logarithmically)
on figure 4. Five runs were carried out with different N and w, and the time scale
is non-dimensionalized with respect to the parameter w3/IV2. The solution to (8)
is plotted for comparison with the value of ¢, adjusted to give the fit shown. This
fit is for ¢, = 0-61. Also shown is a line proportional to ¥, which is the slowest
rate of deepening given by a solution to (6). The implications of this figure are
first that the non-dimensional grouping w3 /N?provides a good collapse of the data,
(the wayward points are generally those found at the beginning of a run before
the system has settled down). This means that relating the change in potential
energy of the basic stratification to the input of kinetic energy into the system
in the simple manner assumed above is satisfactory. Second, the fact that (8)
describes the deepening rate very accurately whilst (6) overestimates it implies
that it is necessary to consider only the energy available at the interface in the
above energy balance, and that this will not remain a constant fraction of the
energy input at the grid as the layer deepens.



394 P. F. Linden

The value of ¢, required to give the fit to the data should not be given undue
emphasis. The main reason for the uncertainty in the value of ¢, derives from
assuming w’ ~ % in the expression for the turbulent kinetic energy. The fact that
the results scale with this assumption is some a posteriori justification for its use.
However, if w’ differs from u’ by a factor of two, say, then the kinetic energy
supply rate will differ by a factor of four. With this kind of uncertainty and the
uncertainty in the measurement of u’ itself (Thompson & Turner 1975) the
possible uncertainty in ¢, is such that it may be in error by a factor of eight.
However this implies that 0-1 < ¢, < 1.

At this point it is useful to relate these results to those obtained in similar
experiments, notably those of Turner (1968). Turner found that it was possible to
relate the non-dimensional entrainment rate £ = d/u’ across a density interface
between two homogeneous layers to a local interfacial Richardson number Ri,
defined in terms of the density step across the interface and the turbulent velocity
and length scales near the interface. The energy argument presented above is
approximately equivalent to assuming a relationship between E and Ri; of the
form E oc Rir!. However, Turner (1968) found that for a salt interface E oc Rir3.
In order to resolve this difference an attempt was made to reformulate the results
shown on figure 4 by determining E as a function of Ri; as each run progressed.
It proved to be very difficult to do this with any degree of confidence, the errors
involved in differentiating the depth vs. time curve and evaluating Ri; at each
depth being very large. Consequently, it was not possible to determine the
dependence of E on Riy, if, indeed, such a unique dependence exists. When the
results were examined in this way, a range of power laws was obtained, with
exponents varying from approximately — 1-5to — 0-7. The value of the exponent
depended on the gradient in the deep layer and the distance of the interface from
the grid. This indicates that the deepening rate can not be determined uniquely
by a local interfacial parameter when a density gradient exists on one side of the
interface. One additional feature which has so far been excluded is the effect of
internal waves generated in the deep layer and this will be discussed in the
following section. In fact, although the overall behaviour of the data shown on
figure 4 is described satisfactorily by (8), closer examination reveals that indi-
vidual runs show some deviation from the curve described by this equation. This
point will be taken up in more detail in §5.

4, Internal waves in the stable layer beneath the interface
Theoretical considerations

The effect of the radiation of energy and momentum away from the mixed layer
by internal waves propagating in the region below the thermocline has largely
been ignored by earlier investigators of the problem of the deepening of the
upper mixed layer. Townsend (1966) has examined the effect of the impact of
turbulent motions on a region of fluid containing a stable density gradient. He
showed that, in principle, the internal waves generated can radiate away a signi-
ficant amount of energy but so far no explicit demonstration of this has been given.
In the present context it is conceivable that sufficient energy may be removed by
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the internal waves and that the energy available for changing the potential
energy of the fluid column by mixing across the interface will be significantly
reduced.

In order to investigate the conditions under which such a reduction in energy
is likely to occur we note the following. If internal waves of amplitude ¢ and
wavelength A are generated in a region with buoyancy frequency & then (Thorpe
1973) the maximum possible vertical energy flux per unit horizontal area carried
by the waves is given by

F = p,a®N3A[3m,/3. (9)

It is appropriate to compare this energy flux with the observed rate of change of
potential energy of a fluid column of unit horizontal area, given in §3 as

F, = 1po N%d(d% - D3) + 498py Dyd,
where d is the depth of the mixed layer. Initially d = D, and the density step at

z = —Dyis Ap,. The ratio 4 of these two energy fluxes gives an indication of the
importance of the internal wave radiation:
4 AN
- (10)

© 3my3((d2— D3) + 2RDYd

where R = gApy/p,N2Dy. When IV = 0, no internal waves can exist beneath the
interface and 4 = 0, indicating that no energy is lost; as 4 increases the internal
waves remove relatively more energy from the region of the interface.

The experimental results

Measurements of the mizing rate. Several runs were made which demonstrate
the reduction of the mixing rate due to the presence of a density gradient in the
fluid below the interface. The results of two of these runs are shown on figures
5(a) and (b). In each case the figure shows plots of the increase in depth of the
mixed layer as a function of time. Two runs are shown on each figure; one consists
of the deepening of a layer when there is no gradient beneath the interface, and
the second shows the increase in depth for an interface with the same initial step
but now with a gradient in the lower layer. Both sets of data show that the
deepening rate is reduced by the presence of a gradient in the lower layer, and in
each case the reduction is consistent with the value of 4 determined from (10).
(The details of how 4 was estimated are given below.) At a given depth the rate
of potential energy increase of the water column is proportional to the rate of
descent of the interface. Consequently a 10 %, reduction in the rate of descent of
the interface is consistent with 4 ~ 0-1, indicating a loss of about 109, of the
energy to internal waves (see figure 5a). Similarly, on figure 5(b), 4 ~ 1 implies
that about half of the energy is lost by internal wave radiation, and this is
consistent with the observed 50 %, reduction in the rate of descent of the interface.

The reduction in the entrainment rate as a function of the buoyancy frequency
N of the stratification beneath the interface is shown on figure 6. The data shown
on this figure were obtained by comparing the entrainment rates for varying N
whilst holding the density step Ap,, the turbulent intensity «’ and the position
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Figure 5. The increase in depth of the mixed layer D (in all cases the mixed layer was
13 cm deep initially with the grid 6 cm below the free surface) as a function of the time
after the stirring was begun. The grid frequency o was 5 Hz. The parameter 4 denotes
the expected fraction of energy lost to internal waves radiated in the lower layer (see § 4 for
a definition). The error bars represent the maximum uncertainty in the experimental
points. The straight lines are best fits to the data; the slope of these lines is a measure of
the rate at which fluid is entrained across the interface. (a) Initial density step
Ap, = 0:030 g/ml; @, uniform lower layer, N, = 0; x, linear density stratification in
lower layer, N2 = 0:035s~2. (b) Apy = 0:010 g/ml; @, N2 = 0; x, N2 = 0-059 s-*.
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F1GUure 6. The rate of descent U, of the interface, normalized with respect to the value U,
obtained when the lower layer is homogeneous, plotted against the square N2 of the
buoyaney frequency of the lower layer. The values are appropriate to an interface with an
interfacial Richardson number of 104. The error bars give estimates of the maximum
errors in the data.

of the interface relative to the grid constant. This figure shows the value of the
rate of descent of the interface normalized with respect to the value when NV = 0,
It is seen that the entrainment across the interface decreases as N increases,
consistent with the notion that the reduction is due to the loss of energy by
internal wave radiation.

The internal wave motions in the stable layer. So far we have only discussed the
internal waves indirectly, through their ability to reduce the rate of deepening
of the mixed layer. It is instructive now to look in some detail at the wave
motions themselves and to see how they are related to the imposed forcing by the
turbulence in the mixed layer. Time-lapse movies of aluminium particles sus-
pended in the flow were made and from these it was possible to obtain a visualiza-
tion of the wave motions in a plane parallel to the front wall of the tank (which
we shall denote as the x, z plane).

The most striking feature of the wave motions revealed by the movies was the
presence of phase lines moving upwards from the bottom of the tank to the inter-
face. As the vertical component of the group velocity of internal waves is in the
opposite direction to the vertical component of the phase velocity this implies
that energy, being transmitted at the group velocity, was being removed from
the vicinity of the interface and radiated towards the bottom of the tank by the
waves. By measuring the orientation, spacing and speed of these phase lines it is
possible to obtain information concerning the wavenumber kK = (k,m) in the
z, z plane, the frequency o and the phase and group velocity of the waves. In fact,
knowledge of the buoyancy frequency N implies that one of the observed quanti-
ties is redundant and this was used as a check on the consistency of the measure-
ments. One movie similar to the situation shown in figure 5 (b) was analysed in
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Minimum 0 0 0 1-5
Maximum 35 0-1 1-0 1-8

TaBLE 1. Details of the internal wave field observed in the z, z plane in a stable layer of
depth = 30 em with buoyancy frequency N = 0-16s~! bounded above by an interface
with density step Apgfpy = 0-014. Turbulent motions were produced by a grid approxi-
mately 5 cm above the interface oscillating with an amplitude of 1 cm and frequency of
4-6 Hz. The interfacial Richardson number based on the density step Apyfpy, the ram.s.
horizontal velocity «’ and the integral length scale I of the turbulence in the vicinity of
the interface is approximately 100. In the above table 0 is the angle between the phase
lines and the horizontal, o the frequency and k and m the wavenumbers in the 2 and =z
directions, respectively.

detail (Apy/ po = 0-014, Ri; = 100, N = 0-16s7'). It was found that the orientation
of the phase lines varied between 0 and 35° from the horizontal. This implies a
range of frequencies and wavenumbers and these are given in table 1.

It is of interest to see how these internal waves are generated. If we assume
that the stratified layer reacts passively to the forcing of the interface then we
must look for sources of energy in the frequency range 0-0-1s~! in the response
of the interface to the turbulent motions. Consequently, a conductivity probe
was placed in the fluid and the response of the probe at fixed positions was mea-
sured as a function of time. It was found that the magnitude of the oscillations
recorded in this way varied as the measuring point moved from the mixed layer
into the stratified region, the amplitude increasing as the centre of the interface
was approached (see figure 2) and then decreasing as the probe was lowered into
the stratified layer. (As was mentioned earlier (§ 2) it was not possible to use the
probe to measure the internal wave motions directly as the particle motions
were very slow.) Figure 7 shows a typical conductivity trace recorded near the
centre of the interface and its associated spectrum. This trace consists of 1024 data
points measured at intervals of 0-1s. The intermittent nature of the oscillations
is typical and was observed at similar interfaces separating two turbulent layers
(Crapper & Linden 1974). The spectrum shows the power of the signal (in
arbitrary units) multiplied by the frequency plotted against the logarithm of the
frequency. Plotted in this way the area under the curve in a given frequency band
is proportional to the energy in that band. The spectrum shown on figure 7 shows
that almost all of the energy is in the frequency range 0-0-5s-1, but with a signi-
ficant amount of energy with frequencies greater than the maximum internal
wave frequency observed (0-1s71). Although it was impossible to determine the
distribution of energy in the internal wave field an impression was obtained that
the major contribution oceurred at the higher wave frequencies observed, as the
dominant pattern appeared to be phase lines propagating at an angle of 35° to the
horizontal. Furthermore, the forcing at frequencies greater than N = 0-16s™1
(see figure 7) cannot produce wave motions.

A further feature of the wave field which was determined from the movie was
the vertical amplitude £ of the particle oscillations as a function of the distance D
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Figure 7. The output from the conductivity probe, converted to density units by calibra-
tion, measured at a fixed point near the centre of an interface and the corresponding
spectrum. The record consists of 1024 samplings of the probe made at 0-1 s intervals.
The spectrum shows the power P(c) of the signal multiplied by the frequency (in arbitrary
units) plotted against the log of the frequency o. For this interface Apfp, = 0-010 and the
interfacial Richardson number is 115.

from the interface. Townsend (1966) has shown that beyond a critical distance D,
from the interface viscous dissipation causes decay of the internal wave amplitude.
This critical distance D, depends on the length and time scales of the impact of
the turbulent motions at the top of the stable layer and on its buoyancy frequency
N. Using estimates of the time scale taken from records such as those shown on
figure 7 and the integral scale (§ 2) of the turbulence as the length scale we find that
for the run which was analysed D, ~ 1 cm. This is in agreement with the data
obtained from the conductivity probe, which showed a sharp decrease in the
amplitude of the fluctuations at depths greater than approximately 1 cm from the
centre of the interface. The data obtained from analysis of the movie are shown
on figure 8, which is a log~log plot of the normalized vertical displacement /£, of
the particles against the distance from the interface. Townsend (1966) showed
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Fiaure 8. The vertical particle displacements £ measured in the stable layer as a function
of the non-dimensional distance D|D, from the interface. The values are normalized with
respect to £, the value of the particle displacements at the interface. The details of the
stratification and the forcing are the same as those given in table 1. The solid line has a
slope of —§.

that for internal waves generated by turbulent motions at the top of a layer con-
taining a constant density gradient

(84/g3)t oc (DID,) 4,

where &, is the vertical displacement at the top of the stratified layer (£§, ~ 1 cm
in this experiment). A line with a slope of —£ is drawn on figure 8 and the data
appear to conform to this power law reasonably well.

Finally, we return to the evaluation of the parameter 4 defined by (10). From
this formula we see that we need to determine the wavelength A and the ampli-
tude a in order to estimate 4. As viscosity causes decay of the internal waves
with depth and we are seeking an upper bound on the value of 4, £ (~ 1lem)
was used as an estimate for a. The wavelength A was estimated directly from the
film and a value of 3-5cm was taken as typical. Using these values and the
appropriate values of N, Ap, and d it was then possible to determine the values of
A for runs such as those shown on figure 5.

5. Discussion

There are two main conclusions to be drawn from the experiments described
above. First, the rate of increase of potential energy of a water column produced
by the penetration of a turbulent layer into a region of constant density gradient
is proportional to the rate of input of kinetic energy by the turbulent motions at
the bottom of the mixed layer. It is not, in general, proportional to the rate of
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supply of turbulent energy at the top of the mixed layer. Second, under certain
circumstances radiation of energy by internal waves in the region below the
mixed layer will reduce the rate of deepening of the turbulent layer.

It is valuable to compare our experimental results with those of other similar
experiments. Thorpe (1966) carried out an experiment to determine the rate of
deepening of a turbulent layer into a region of constant density gradient. The
turbulence was generated by a grid in the same manner as in our experiments
but the geometry of the tank and grid were different from the present case. He
found that the layer deepened with time ¢ such that D oc t?, where p = 0-18 + 0-02,
which is in good agreement with the results of the present experiments. The close
agreement between the present results and those of Thorpe (1966) gives some
credence to the notion that the results are independent of the details of the
turbulence generator, and that the rates of deepening measured in these experi-
ments are representative of situations when no mean shear flow exists in the tank.
The value of the exponent p depends essentially on the rate at which the magni-
tude of the turbulent velocity fluctuations decays with distance from the grid.
Thompson & Turner (1975) found that for all the types of grid they investigated
the dependence of the turbulent velocity on the distance from the grid could be
described by a power law (see § 2). This power law was also used by Bouvard &
Dumas (1967) to describe the turbulent velocity generated by an oscillating plate
containing an array of holes. This kind of spatial decay rate of the turbulence
appears to be a fundamental feature of these types of experiments and, as
Thompson & Turner (1975) showed, is a result of inertial decay and a linear change
in the length scale of the turbulence with distance from the source.

In the ocean, however, the energy input by the wind is partitioned between
turbulent kinetic energy and the mean flow. This situation has been modelled
in the laboratory by Kato & Phillips (1969), who applied a stress at the surface
of a stratified layer in an annular tank. Both a mean flow and turbulence were
generated by the stress, and the interface descended at a rate proportional to
t5. It was also found that the rate at which the potential energy of the fluid
increased was proportional to the rate of dissipation of kinetic energy per unit
area in the turbulent layer. In his theoretical study Niiler (1975) predicts an initial
rate of deepening proportional to ¢ when a constant fraction of the surface input
of energy is available for mixing across the interface.

The present experiments show, however, that when there is no mean shear
a much reduced rate of deepening is produced. Consequently, it appears that the
presence of a mean shear allows a larger, and indeed constant, fraction of the
surface energy to be transmitted to the interface. In fact, Niiler (1975) shows
that for a mixed layer 100m deep a vertical shear of order 10-3s~! is sufficient
to make the term W@U/@z significant in the equation for the perturbation
kinetic energy. This production of turbulent energy at the interface by the action
of the Reynolds stress on the mean shear must, therefore, be important in the
experiments of Kato & Phillips (1969).

The presence of a stable stratification in the ocean beneath the thermocline
is significant in that internal waves may be generated by the response of the
thermocline to the motions in the wind-mixed layer. In order to estimate the
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effect of this wave generation on the rate of deepening of the oceanic thermocline
it is necessary to determine the value of the parameter 4, which, in turn, requires
a knowledge of the forcing applied by the turbulence to the thermocline. Conse-
quently, it is necessary to know which are the most energetic scales of the motion
at the bottom of the mixed layer and how these are related to the atmospheric
foreing, in order to relate the internal wave generation to its energy source. An
alternative description of the parameter 4 can be given as follows. Suppose that
the wavelength A of the internal waves is set by the scale of the forcing by the
turbulent motions: then A can be regarded as related to some integral scale of
the turbulence in the mixed layer. The results of § 3 show that

[(d%— D) + 2RD2)d oc u'3|N?

and so we can write 4 in the form
a? (NA\3
4= (%)
Linden (1973) has shown that the distortion of an interface by a vortex ring
depends upon the Richardson number Ri; (based on the density step and the
size and velocity of the ring) of the impact. Therefore, applying his results
directly [his equation (4.1)] to this case we find that

A oc Ri}[Ri2,

where Ri; is the Richardson number of the interface and Rig = (NAJu')? is
a Richardson number of the gradient region below the interface. This description
shows more clearly how the importance of the internal waves depends on the
relative magnitudes of the density step and the gradient in the layer beneath.
When the density step is very large the loss of energy to internal waves is quite
small; however, for small density steps the loss of energy becomes more im-
portant although the above formulation is not strictly applicable to this case as
the amplitude a is then limited by the gradient and not the step.

From a practical point of view, however, it is only necessary to measure the
magnitude and horizontal scale of the density fluctuations in the thermocline in
order to evaluate 4. Furthermore, the observed rate of deepening (as measured
in §3) of a mixed layer into a constant stable density gradient is adequately
described by assuming that a constant fraction of the kinetic energy available
at the interface is used to increase the potential energy of the water column.
This also provides simplification for two reasons. First, it implies that, whether
the turbulence is generated in the vicinity of the thermocline (for example by
shear instability) or propagates from a distant source, if its local energy can be
estimated then the rate of deepening can be predicted by (8). A note of caution
must be added here in view of the remarks made at the end of §3 concerning the
interpretation of this agreement in terms of a relationship between the non-
dimensional entrainment rate £ and an interfacial Richardson number. It seems
very likely that a single relationship will not exist and in fact dimensional
analysis indicates that £ = E(Ri;, Rig). A description of this functional relation-
ship is not, however, provided by these experiments.
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Second, there is a possibility that the loss of energy due to the internal waves
may also be proportional to the local kinetic energy. In the early stages of the
experiments described in § 3, the loss of energy to internal waves was certainly
significant, and the data reflect this fact in that the deepening rate is slightly less
than that given by (8). However, as the experiment progressed, even though 4
decreased to a value ~ 0-1 there would have, in all cases, been some loss of energy
to the internal waves. The fact that the data are all satisfactorily described by (8)
implies that this energy loss must be absorbed by the constant c,, indicating that
the energy loss to waves is proportional to the kinetic energy input. A further
indication that the energy loss is proportional to the kinetic energy input comes
from the fact that the value of 4 after the initial stages remains approximately
constant as the layer deepens, although it must be noted that it was not possible
to estimate the value of 4 very accurately.

An indication of the importance of internal wave generation in the oceanic
mixed-layer energetics is given by the following analysis of oceanic data reported
by Denman & Miyake (1973). They measured mixed-layer depths at Ocean
Station Papa (50° N, 145° W) in the north-east Pacific Ocean in the summer of
1970. We shall be concerned with a deepening of the mixed layer recorded during
a storm from 1200 GMT 21 June to 1200 GMT 23 June 1970. During this time
the mixed layer deepened from approximately 10 to 45 m, destroying an interface
with a temperature difference of 0-7 °C across it as it did so. We now calculate
the value of the loss parameter A for this case. Denman & Miyaki report un-
certainties in the mixed-layer depth of the order of 5 m and thisis used as a typical
wave amplitude. This value is probably an overestimate as no account is taken
of internal waves propagating along the interface, having been generated else-
where. We shall assume that the wavelength A is of the order of the depth
(~ 20m). Then, taking N from their profiles we find that 4 ~ 5. This large value
of A4 indicates that even if the values of @, A and N are overestimates a significant
amount of energy would be lost to internal waves in this situation. Consequently,
this implies that not only must the internal waves be included in the energetics
of the oceanic mixed layer but also this deepening process may provide a
significant source of internal waves in the deep ocean.

The details of the internal wave generation by the turbulent motions in the
mixed layer have not been resolved by the present experiments. There appears
to be a correlation between the distribution (in frequency) of energy in the inter-
face itself and that which is manifested by the internal waves. This is entirely
reasonable as we should expect the stable layer to react passively to the forcing
imposed upon it. Further, the decay of the waves with vertical distance from the
interface is consistent with the calculations made by Townsend (1966). Un-
fortunately, though, we are not in a position to trace the forcing back to the
turbulence directly. To do this satisfactorily it would be necessary to know the
spectral distribution of the energy in the mixed layer and this information is not
available for the present experiments.

This work was supported by a grant from the Natural Environment Research
Council.
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Appendix. The dimensionless density profile

Following Kitaigorodskii & Miropol’skii (1970) we define dimensionless density
and depth co-ordinates

T= [pu_p(z,t)]/[pu—ph]’ g = [Z_D(t)]/[k—D(t)]’

where D(t) is the depth of the upper mixed layer, of density p,, and & is a reference
depth at which the density remains constant at p,. It is then assumed that
T = T({),where{ < Orefers to the mixed layer and 0 < ¢ < 1to the stratification
through the thermocline to the reference depth . We seek an approximate
representation of 7'({) in the form

4
) = X ot
where T'({) satisfies the following boundary conditions:
TO)=0, T(1)=1, T"(0)="T"(1)=0.

The first two boundary conditions follow from the definitions of 7' and {. The
third boundary condition comes from the requirement that the profile has
maximum curvature at the bottom of the mixed layer, and the last condition from
the requirement that the density gradient be constant at the reference depth &.
Then

T(&) = {+ay(58— 682+ 8F),

where a,is determined by the value of 7"({) at { = 1. Kitaigorodskii & Miropol’skii
(1970) take 7"'(1) = 0 but this is inappropriate for our experiments. Evaluating
T’(&) from our profiles we see that 77(1) = 1, which implies that

T(§) = 20 —382+ 38
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